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Imagine a 5th-grade teacher is analyzing evidence 
from student work on a whole number multiplication 
and division pre-assessment   The pre-assessment 
consisted of a mix of word problems from a range of 
contexts and some straight computation problems  
She notices one student correctly answered 80% of 
the problems, but solved the problems using repeated 
addition or repeated subtraction (Example 1 below)   
In the past, the teacher might have been pleased that 
the student had 80% correct  However, she now 
knows that the use of repeated addition (subtraction) 
by a 5th-grade student is a long way from that 
student’s attaining an efficient and generalizable 
multiplicative strategy such as the traditional 
algorithm (CCSSO/NGA, 2010)   She also knows 
that this student is not ready to successfully engage  
in the use of new 5th-and 6th-grade  concepts like 
multiplication of decimals (e g , 2 5 x 0 78), or solving 
problems involving proportionality, which relies on 
strong multiplicative reasoning    

Example 1: Use of Repeated Addition 
(VMP OGAP, 2007)

There are 16 players on a team in the 
Smithville Soccer League  How many 
players are in the league if there are 12 
teams?

The teacher observes and records other evidence 
about the strategies or properties that her students 
have used to solve the problems (e g , counting by 
ones, skip counting, area models, distributive property, 
the partial products algorithm, and the traditional 
algorithm); the multiplicative contexts that have 

caused her students difficulty (e g , equal groups, 
multiplicative change, multiplicative comparisons,  
or measurement); and the types of errors that the 
students have made (e g , place value, units, calcula-
tion, or equations)   She will use this evidence to 
inform her instruction for the class as a whole, for 
individual students, and to identify students who 
could benefit with additional Response to Interven-
tion (RTI) Tier II instruction—a school-wide 
data-driven system used to identify and support 
students at academic risk 14

This teacher and others like her who have partici-
pated in the Vermont Mathematics Partnership 
Ongoing Assessment Project (VMP OGAP) have 
used the OGAP Multiplicative Framework (See 
Appendix B) to analyze student work as briefly 
described above, to guide their instruction, and 
engage their students in self-assessment   In addition 
to administering pre-assessments, they administer 
formative assessment probes as their unit of instruc-
tion progresses  They use the OGAP Framework to 
identify where along the hypothesized trajectory 
(non-multiplicative – early additive – transitional – 
multiplicative) students are at any given time and in 
any given context, and to identify errors students make  

 It is one thing to talk theoretically about learning 
trajectories and a whole other thing to understand 
how to transfer the knowledge from learning 
trajectory research to practice in a way that teachers 
can embrace it (see Figure 1 below)  The latter 
involves designing tools and resources that serve as 
ways for classroom teachers to apply the trajectory in 
their instruction  

iv. LEArNiNg TrAjECTOriES ANd AdAp TivE  
iNSTruCTiON mEET ThE rEALiTiES OF prACTiCE13

13   Written by Marge Petit, educational consultant focusing on mathematics instruction and assessment  Petit’s primary work is supporting the 
development and implementation of the Vermont Mathematics Partnership Ongoing Assessment Project (OGAP) formative assessment project  

14   There are different levels of intervention  RTI Tier II provides students at academic risk focused instruction in addition to their regular 
classroom instruction  (http://www rti4success org/)
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Figure 1  Transfer of Knowledge from Learning Trajectory Research into Classroom Practice

An example of a project that is developing tools and 
resources that bridge the gap between research and 
practice is the Vermont Mathematics Partnership 
Ongoing Assessment Project (OGAP), developed as 
one aspect of the Vermont Mathematics Partnership 
(VMP) 15 In 2003, a team of 18 Vermont mathemat-
ics educators (classroom teachers, school and district 
mathematics teacher leaders, an assessment specialist, 
and a mathematician) were charged with designing 
tools and resources for teachers to use to gather 
information about students’ learning while they are 
learning, rather than just after their learning, for the 
sole purpose of informing instruction  Guided by 
findings of the NRC’s expert panels (Pellegrino, 
Chudowsky, & Glaser, 2001; Kilpatrick, Swafford,  
& Findell, 2001), the design team adopted four 
principles that have guided their work through  
three studies (VMP OGAP, 2003, 2005, and 2007) 
involving over 100 teachers and thousands of stu-
dents: 1) teach and assess for understanding (Kilpat-
rick, Swafford, & Findell, 2001; 2) use formative 
assessment intentionally and systematically (Pellegri-
no, Chudowsky, & Glaser, 2001; 3) build instruction 
on preexisting knowledge (Bransford, Brown, & 
Cocking, 2000); and, 4) build assessments on knowl-
edge of how students learn concepts (Pellegrino, 
Chudowsky, & Glaser, 2001)   Incorporating these 
elements into the tools and resources being developed 
provided a structure for helping OGAP teachers to 
engage in adaptive instruction as defined in the 
introduction to this report  

The fourth principle, build assessments on how 
students learn concepts, led, over time, to the develop-
ment of item banks with hundreds of short, focused 
questions designed to elicit developing understand-

ings, common errors, and preconceptions or miscon-
ceptions that may interfere with solving problems  
or learning new concepts  These questions can be 
embedded in instruction and used to gather evidence 
to inform instruction  Importantly, the OGAP design 
team developed tools and strategies for collecting 
evidence in student work  One of these tools is the 
OGAP Frameworks; for multiplication, division, 
proportionality, and fractions  Teachers use the 
frameworks to analyze student work and adapt 
instruction (See, for example, the OGAP Multiplica-
tive Framework in Appendix B)   Each OGAP 
Framework was designed to engage teachers and 
students in adaptive instruction and learning  
Teachers studied the mathematics education research 
underlying the OGAP Frameworks, and put what 
they learned into practice  The OGAP Frameworks 
have three elements: 1) analysis of the structures of 
problems that influence how students solve them,  
2) specification of a trajectory that describes how 
students develop understanding of concepts over 
time, and 3) identification of common errors and 
preconceptions or misconceptions that may interfere 
with students’ understanding new concepts or  
solving problems  

From a policy perspective, an important finding  
from the Exploratory OGAP studies and the OGAP  
scale-up studies in Vermont and Alabama is that 
teachers reported that knowledge of mathematics 
education research and ultimately the OGAP 
Frameworks/trajectories helped them in a number of 
important ways   They reported that they are better 
able to understand evidence in student work, use the 
evidence to inform instruction, strengthen their first- 
wave instruction, and understand the purpose of the 

15   The Vermont Mathematics Partnership was funded by NSF (EHR-0227057) and the USDOE (S366A020002)   
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activities in the mathematics programs they use and 
in other instructional materials (VMP OGAP, 2005,  
2007 cited in Petit, Laird, & Marsden, 2010)  

The OGAP 2005 and 2007 studies present promising 
evidence that classroom teachers, when provided with 
the necessary knowledge, tools, and resources, will 
readily engage in adaptive instruction   However, 
other findings from the OGAP studies provide 
evidence that developing tools and providing the 
professional development and ongoing support 
necessary to make adaptive instruction a reality on  
a large scale will involve a considerable investment 
and many challenges 

To understand the challenges encountered in 
implementing adaptive instruction better we return  
to the teacher who observed a 5th-grade student 
using repeated addition as the primary strategy to 
solve multiplication problems  This teacher has  
made a major, but difficult transition from summative 
thinking to formative/adaptive thinking  She 
understands that looking at just the correctness of  
an answer may provide a “false positive” in regards  
to a 5th-grade student’s multiplicative reasoning   
She notices on the OGAP Multiplicative Framework 
that repeated addition is a beginning stage of 
development and that 5th-grade students should be 
using efficient and generalizable strategies like partial 
products or the traditional algorithm  On a large-
scale assessment one cares if the answer is right or 
wrong  On the other hand, from a formative assess-
ment/adaptive instruction lens, correctness is just one 
piece of information that is needed  A teacher also 
needs to know the strategies students are using, where 
they are on a learning trajectory in regards to where 
they should be, and the specifics about what errors 
they are making on which mathematics concepts or 
skills   This is the information that will help teachers 
adapt their instruction 

This transition from summative to formative/adaptive 
instruction was a major challenge for OGAP  
teachers who were well conditioned to administra-
ting summative assessments ranging from class- 
room quizzes and tests to state assessments, all of  
which have very strict administration procedures   
In formative assessment/adaptive instruction thinking 
your sole goal is to gather actionable information  
to inform instruction and student learning, not to 
grade or evaluate achievement  That means if the 
evidence on student work isn’t clear—you can ask the 
student for clarification or ask the student another 
probing question  

OGAP studies showed that once a teacher became 
comfortable with looking at student work (e g , 
classroom discussions, exit questions, class work, and 
homework) through this lens, their next question 
was—“Now that we know, what do we do about it?” 
As a case in point, one of the best documented 
fraction misconceptions is the treatment of a fraction 
as two whole numbers rather than as a quantity unto 
itself (Behr, Wachsmuth, Post, & Lesh, 1984;  VMP 
OGAP, 2005, 2007; Petit, Laird, & Marsden, 2010; 
Saxe, Shaughnessy, Shannon, Langer-Osuna, Chinn, 
& Gearhart, 2007)  This error results in students 
adding numerators and denominators when adding 
fractions, or comparing fractions by focusing on the 
numerators or denominators or on the differences 
between them  Example 2 below from a 5th-grade 
classroom is particularly troubling, and very informa-
tive  In the words of one teacher, “In the past I would 
have been excited that a beginning 5th-grade student 
could add fractions using a common denominator   
I would have thought my work was done  It never 
occurred to me to ask the student the value of the 
sum ” (VMP OGAP, 2005)   When faced with 
evidence such as found in Example 2, OGAP 
teachers made the decision to place a greater instruc-
tional emphasis on the magnitude of fractions and 
the use of number lines, not as individual lessons as 
they found them in their text materials, but as a daily 
part of their instruction  

Example 2: Inappropriate Whole Number  
Reasoning Example

Added sums accurately and then used the magnitude 
of the denominator or numerator to determine that is 
closest to 20  (Petit, Laird,  & Marsden, 2010)

The sum of 1⁄12 and 7⁄8 is closest to

A  20
B  8
C  1⁄2
D  1

Explain your answer 

This action is supported by mathematics education 
research that suggests that number lines can help to 
build understanding of the magnitude of fractions 
and build concepts of equivalence (Behr & Post, 
1992; Saxe, Shaughnessy, Shannon, Langer-Osama, 
Chinn, & Gearhart, 2007; VMP OGAP, 2005 and 
2007)  Research also suggests the importance of 
focusing on the magnitude of fractions as students 
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begin to operate with fractions (Bezuk & Bieck, 
1993, p 127; VMP OGAP, 2005, 2007 cited in Petit, 
Laird, & Marsden, 2010)   

This example has other implications for making 
adaptive instruction a reality in mathematics class-
rooms  Resources, like OGAP probes and frame-
works, must be developed that are sensitive to the 
research   Teachers must receive extensive training in 
mathematics education research on the mathematics 
concepts that they teach so that they can better 
understand the evidence in student work (from 
OGAP-like probes or their mathematics program) 
and its implications for instruction  They need 
training and ongoing support to help capitalize on 
their mathematics program’s materials, or supplement 
them as evidence suggests and help make research-
based instructional decisions 

I realized how valuable a well designed, 
research-based probe can be in finding 
evidence of students’ understanding  Also, 
how this awareness of children’s thinking 
helped me decide what they (students) 
knew versus what I thought they knew  
(VMP OGAP, 2005 cited in Petit and 
Zawojewski, 2010, p  73)

In addition, while it is true that formative assessment 
provides teachers the flexibility “to test their interpre-
tations by acting on them and seeing whether or not 
they get the expected response from the students—
and acting again if they don’t” (see Section III of  
this report), OGAP studies show that teachers who 
understand the evidence in student work from a 

iv. LEArNiNg TrAjECTOriES ANd AdAp TivE iNSTruCTiON  
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research perspective are looking for research-based 
interventions   Drawing on my own experience as  
a middle school teacher in the early 1990s when  
I was faced with students adding numerators and 
denominators (e g , 3⁄4 + 7⁄8 = 10⁄12), I would re-teach 
common denominators “louder and slower,” never 
realizing that the problem was students’ misunder-
standing magnitude or that students did  
not have a mental model for addition of fractions  
as suggested in the research    

While there is research on actions to take based on 
evidence in student work, much more needs to be 
done if the potential of adaptive instruction is to be 
realized  Research resources need to be focused not 
only on validating trajectories as a research exercise, 
but on providing teachers with research-based 
instructional intervention choices   

OGAP teachers are now recording on paper a  
wealth of information on student learning as de-
scribed earlier in this chapter   To help facilitate this 
process, OGAP is working closely with CPRE 
researchers from the University of Pennsylvania and 
Teachers College, Columbia University, and with the 
education technology company, Wireless Generation, 
in developing a technology-based data entry and 
reporting tool grounded on the OGAP Multiplicative 
Framework   The tool will be piloted in a small 
Vermont-based study during the 2010-2011 school 
year  It is designed to make the item bank easily 
accessible; it provides a data collection device based 
on the OGAP Multiplicative Framework linked to 
item selection (See Figure 2)   The tool is designed  

Figure 2: Draft Evidence Collection Tool that Uses Touch Screen Technology.
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to provide reports that show where on the trajec- 
tory (OGAP Framework) each student is at any  
given time, with any given problem structure, and  
across time   It also provides results about accuracy  
and errors, and misconceptions by students and by  
the class 

Students’ performances with respect to learning 
trajectories, like those in the OGAP Frameworks,  
do not simply increase monotonically  Rather 
students move back and forth along the trajectory  
as they interact with new contexts or more complex 
numbers until they have fully developed their 
multiplicative reasoning (VMP OGAP 2005, 2007; 
Clements, & Sarama, 2009)   Development of tools, 
like the Wireless Generation tool being piloted, will 
need to account for this movement if they are to 
represent learning trajectories in a meaningful way   

A very important point here is that OGAP and the 
Wireless tool being developed is NOT taking the 
teacher out of the equation as some multiple choice-
based diagnostic assessments are purporting to do,  
to make it easier for a teacher  Rather, the project  
has recognized the importance of empowering the 
teacher with knowledge of the research that they  
use when analyzing student work and making 
instructional decisions  These are the cornerstones  
of adaptive instruction  Our hypothesis continues  
to be that it is the knowledge of the mathematics 
education research that empowers teachers, not just 
the data from the results of assessments  

From a policy perspective, to accomplish implementa-
tion of adaptive instruction on a large scale our work 
has shown the importance of capitalizing on existing 
resources and strategies  In Vermont, this meant 
working with mathematics teacher leaders who  
were graduates of a three-year masters program in 
mathematics (the Vermont Mathematics Initiative)   
OGAP professional development was provided 
directly to teacher leaders in two stages   The first 
stage focused on teacher leader knowledge, and  
the second phase provided the teacher leaders with 
support as they worked with other teachers in  
their district 

Small pilots in Alabama have led to a decision by the 
Alabama Department of Education to make OGAP  
a major intervention strategy  Next June AMSTI 
(Alabama Mathematics and Science Teachers 
Initiative) leaders from across Alabama will receive 
OGAP training and support as they begin to engage 
Alabama teachers state wide   They recognize this is  
a multi-year effort, but they are setting the stage for  
it to begin   

Other district and state policies that value the use  
of formative assessment and adaptive instruction  
need to be put into place if these strategies are to  
be used at all by teachers  State standards that favor 
breadth over depth, or are not built on mathematics 
education research or districts’ use of unrealistic 
pacing guides linked to quarterly assessments will  
all serve as formidable barriers to the use of forma- 
tive assessment and adaptive instruction  

Our work indicates that it is possible to engage 
teachers in adaptive instruction and to use learning 
trajectories as described above, but it will take a 
commitment by policymakers, material developers, 
mathematics education researchers, and educators  
at all levels to accomplish the goal 

iv. LEArNiNg TrAjECTOriES ANd AdAp TivE iNSTruCTiON  
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AppENdix B: OgAp muLTipLiCATivE rEASONiNg FrAmEwOrK  —muLTipLiCATiON

OGAP was developed as a part of the Vermont Mathematics Partnership funded by the US Department of Education (Award 
Number S366A020002) and the National Science Foundation (Award Number EHR-0227057) 
© Vermont Institutes and Marge Petit Consulting, MPC 2009 Any opinions, findings, and conclusions or recommendations expressed in this 
material are those of the author(s) and do not necessarily reflect the views of the National Science Foundation.
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